Abstract. Let X, Y be two Hilbert spaces, E a subset of X and G : E → Y a Lipschitz mapping. A famous theorem of Kirszbraun's states that there exists G : X → Y with G = G on E and Lip( G) = Lip(G). In this note we show that in fact the function G := ∇Y (conv(g))(·, 0), where g(x, y) = inf z∈E
In 1934 M.D. Kirszbraun [15] proved that, for every subset E of R n and every Lipschitz function f : E → R m , there exists a Lipschitz extension F : R n → R m of f such that Lip(F ) = Lip(f ). Here Lip(ϕ) denotes the Lipschitz constant of ϕ, that is, Lip(ϕ) = sup x =y ϕ(x) − ϕ(y)
x − y .
This theorem was generalized for Hilbert spaces X, Y in place of R n and R m by F.A. Valentine [21] in 1945, and the result is often referred to as the Kirszbraun-Valentine theorem. The proof is rather nonconstructive, in the sense that it requires to use Zorn's lemma or transfinite induction at least in the nonseparable case. In the separable case the proof can be made by induction, considering a dense sequence {x k } in X and at each step managing to extend f from E ∪ {x 1 , . . . , x m } to E ∪ {x 1 , . . . , x m+1 } while preserving the Lipschitz constant of the extension by using Helly's theorem or intersection properties of families of balls, but still it is not clear what the extension looks like. Several other proofs and generalizations which are not constructive either have appeared in the literature; see [18, 14, 10, 6, 19, 3] ; apart from Zorn's lemma or induction these proofs are based on intersection properties of arbitrary families of balls, or on maximal extensions of non-expansive operators and Fitpatrick functions. In 2008 H.H. Bauschke and X. Wang [5] gave the first constructive proof of the Kirszbraun-Valentine theorem of which we are aware; they relied on their previous work [4] on extension and representation of monotone operators and the Fitzpatrick function. See also [1] , where some of these techniques are used to construct definable versions of Helly's and Kirszbraun theorems in arbitrary definably complete expansions of ordered fields. Finally, in 2015 E. Le Gruyer and T-V. Phan provided sup-inf explicit extension formulas for Lipschitz mappings between finite dimensional spaces by relying on Le Gruyer's solution to the minimal C 1,1 extension problem for 1-jets; see [17, Theorem 32 and 33] and [16] . In this note we present a short proof of the Kirszbraun-Valentine theorem in which the extension is given by an explicit formula. This proof is based on our previous work concerning C 1,1 extensions of 1-jets with optimal Lipschitz constants of the gradients [2] . See [9] for an alternative construction of such C 1,1 extensions on the Hilbert space, and [7, 11, 12, 13] for the much difficult question of extending functions (as opposed to jets) to C 1,1 or C m,1 functions on R n .
If X is a Hilbert space, E ⊂ X is an arbitrary subset and (f, G) : E → R × X is a 1-jet on E, we will say that (f, G) satisfies condition (W 1,1 ) with constant M > 0 on E provided that
In [22, 16] it was proved that condition (W 1,1 ) with constant M > 0 is a necessary and sufficient condition on f : E → R, G : E → X for the existence of a function F ∈ C 1,1 (X) with Lip(∇F ) ≤ M and such that F = f and ∇F = G on E. More recently, as a consequence of a similar extension theorem for C 1,1 convex functions, we have found an explicit formula for such an extension F.
Theorem 1. [2, Theorem 3.4]
Let E be a subset of a Hilbert space X. Given a 1-jet (f, G) satisfying condition (W 1,1 ) with constant M on E, the formula
Here conv(g) denotes the convex envelope of g, defined by (2) conv(g)(x) = sup{h(x) : h is convex, proper and lower semicontinuous, h ≤ g}.
Another expression for conv(g) is given by
and also by the Fenchel biconjugate of g, that is,
where
see [8, Proposition 4.4.3] for instance. In the case that X is finite dimensional, say X = R n , the expression (3) can be made simpler: by using Carathéodory's Theorem one can show that it is enough to consider convex combinations of at most n + 1 points. That is to say, if g :
see [20, Corollary 17.1.5] for instance.
Theorem 2 (Kirszbraun's theorem via an explicit formula). Let X, Y be two Hilbert spaces, E a subset of X and G : E → Y a Lipschitz mapping. There exists G : X → Y with G = G on E and Lip( G) = Lip(G). In fact, if M = Lip(G), then the function
defines such an extension.
Here · X and · Y denote the norm on X and Y respectively. Also, the inner products in X and Y are denoted by ·, · X and ·, · Y respectively. For any function F, ∇ Y F will stand for the Y -partial derivatives of F, that is the canonical projection from X × Y onto Y composed with ∇F .
Proof. We consider on X × Y the norm given by (x, y) = x 2 X + y 2 Y for every (x, y) ∈ X × Y. Then X × Y is a Hilbert space whose inner product is (x, y), (x ′ , y ′ ) = x, x ′ X + y, y ′ Y for every (x, y), (x ′ , y ′ ) ∈ X × Y. We define the 1-jet (f * , G * ) on E × {0} ⊂ X × Y by f * (x, 0) = 0 and G * (x, 0) = (0, G(x) ). Using that G is M -Lipschitz, it is easy to see that (f * , G * ) satisfies condition (W 1,1 ) on E × {0} with constant M, see inequality (1) . Therefore, Theorem 1 asserts that the function F defined by
